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The equations of gasdymanics ,  t r ans fe r red  to independent var iables  consist ing of the p res -  
sure and two s t r eam functions, a re  simplified under the assumption that the zone of per-  
turbed motion is narrow and variations of the flow pa ramete r s  are  small .  In physical space 
simplifications of this kind are  usually applied to the descript ion of the "shortwave" type 
of flows [1-3]. We const ruct  the general  solution of the approximate equations in a form 
suitable for studying the perturbed flow at sufficiently large distances in the flow over  a 
body of three-dimensional  configuration. We show that there exist  planes in each of which 
the motion may be described quasi- two-dimensionally by means of relations for flows with 
axial symmet ry .  We study the influence of s t r eam surface curvature  on the asymptotic  
state of the motion. We examine limiting transi t ions of axially symmet r i c  flows to the flows 
in question [4]. 

Io We consider the system of equations of three-dimensional stationary flows of a nonviscous and 

nonheat-conducting gas with arbitrary thermodynamic properties. We assume that the equation of state is 

given in the form of a dependence of the heat content h on the pressure p, and the entropy s. The continuity 

equation is satisfied identically if the mass-flow density vector is written in the form of the vector product 
of the gradients of two scalar functions r and 

9v = V~ • V(~ (1 ol) 

The functions r and ~ are three-dimensional  analogs of the s t r eam functions of two-dimensional  
flowS; they are constant along the s t r e a m  lines 

( v , .  ,-) = o, (v,~. ,9 = o 

the product of their  differentials gives the mass  flow in a s t r eam tube. 

We consider  p, r and ? as the independent var iables ,  and the car tes ian  coordinates x i as the unknown 
functions. Then, f rom the equations of motion, of energy,  and the relat ions (1.1), we obtain three part ial  
differential equations for the functions xi (P, r ?) [5] 

o _  [ ~ % / O p  i - - o (% ~ )  (1.2) 
Op [I / iox~. /o--~/op)j-  0(%r 

where w = ~/2(hm-h), (i, j, k) is subject  to the cyclic substitution (1, 2, 3), and h m is the decelerat ion en- 
thalpy. 

The velocity vector components may be obtained from the following relations 

waz~/Op (i = t, 2, 3) (1.3) 
v~ = |/(7% /Op) (a%c/ap) 
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Putt ing xa/x 2 = tan ~ and a s s u m i n g  that  the C a r t e s i a n  coo rd ina t e s ,  and all the g a s d y n a m i c  quant i t ies  
a re  independent  of  go, we obtain the equat ions  of  axia l ly  s y m m e t r i c  flows [6] f r o m  Eqs .  (1.2), and when 
x3 = go, the equat ions  of  t w o - d i m e n s i o n a l  f lows.  

2. At l a rge  d i s t ances  f r o m  the body,  the pe r tu rbed  flow reg ion  cons i s t s  of  a c o m p a r a t i v e l y  n a r r o w  
~one in the ne ighborhood of some  su r f a c e  x i = u i (r go). We seek  the funct ions xi( p, r go) in the f o r m  

xi = u~(% (9) + ~~  % (9) (2.1) 

whe re  the ~i ~ a r e  cons tan t s  giving the o r d e r s  o f  the pe r tu rba t ions  of  the s t r e a m l i n e s .  We c o n s i d e r  weak 
shock  waves ;  t h e r e f o r e ,  as the s u r f a c e s  in the ne ighborhood of  which we seek  a solut ion,  we take the c h a r -  
a c t e r i s t i c  su r f a c e  of  the unper tu rbed  flow, the equat ion  fo r  which has the following f o r m  i n t h e  p, r and go 
v a r i a b l e s :  

d~ ~" -}- d2 ~ 4-  da ~ -b {O~h~ = O, d ,  - -  o (,% %) (2.2) 
\ Op:t~ o (% ~) 

where  (i, j ,  k) is  the cyc l i c  subs t i tu t ion  (1, 2, 3), and the s u b s c r i p t  ~ denotes  quant i t ies  defined with r e s p e c t  
to p a r a m e t e r s  of the ondoming flow. The ve loc i ty  v e c t o r  of  the oncoming  flow is d i r ec t ed  along the xl ax is ;  
t he r e fo re  

d~ 0 (u~, u~) Ow 
= 

The ve loc i ty  v e c t o r  of  the pe r tu rbed  flow is defined by the two angles  c~ and/3 

v 1 - -  w eos {3 cos u, v2-= w e o s ~ s i n a ,  v~ = w s i n ~  (2.3) 

P e r t u r b a t i o n s  of  the flow p a r a m e t e r s  a re  smal l ;  t h e r e f o r e  

a . ~ t ,  ~ 1 ,  e = ( p - - p ~ ) / p ~ i  

We make  the fol lowing subs t i tu t ions :  

and let the constants c~ ~ po and o give flne orders of the corresponding perturbations. 
d i rec t ions  of  the x 2 and x 3 axes in the flow a re  equivalent ,  t h e r e f o r e ,  we put d ~ =/3 ~ 

At the f ron t  of  the weak  shock  wave the flow tu rn  angle is 

We a s s u m e  that  the 

F r o m  this ,  noting that  Oi = ~ + fi2 no, we obtain 

~ o  ~ ~ o  - - .  8 o (2.4) 

We expand the quant i t ies  (2.3) in s e r i e s  in powers  of ~~ and/3 ~ and the modulus  of  the ve loc i ty  in a 
s e r i e s  in  Ap and As ,  noting that  the en t ropy  i n c r e m e n t  a t  the jump is As  ~ Ap 3. If, now we subst i tu te  the 
e x p r e s s i o n s  for  the unknown funct ions into Eqs .  (1.2), we obtain  

- -  W o o - -  - -  ~ , "  

~voo 0a ao { aw'~ a (sa) a (u~, - 0  ~ o o (u., ~,) a (:,~, ~) 

0~, ~3 ~ 0~3 
B ~ ~ - -  g ~ 0 8  ~' 8--':-" 

(2.5) 
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The last two equations furnish a description of the streamlines in terms of the variables p, ~, and 

Ox~ Ox~ Ox~ 
~1 ?)2 Y3 

From this, it follows that 

~~ = ~~ ~~ 

I n t e g r a t i n g  the s e c o n d  and t h i r d  of E q s .  (2.5) to wi th in  s m a l l  e~ and ~ ~  we ob ta in  

(2.6) 

P~ a (u~, ~,) + ~ (~, r (2.7) 

w h e r e  

F o r  the u n i f o r m  o n c o m i n g  flow, b a s e d  on c o n s e r v a t i o n  of the t a n g e n t i a l  v e l o c i t y  c o m p o n e n t s ,  i t  fo l -  
lows tha t  

~ (% ~) - ~ ( , ,  ~) - -  o 

Subs t i t u t ing  ~ and/3  into the f i r s t  of  Eqs .  (2.5), and us ing  Eqs .  (2.2) and (2o6), we ob t a in  ~I ~ = ~~ and 
the e q u a t i o n  fo r  }1 (e, r ~) 

a (ul, u 9 0 (51, u2) ~_ 0 (ul, us) 0 (~l,u~) 
a ( , , ~  -5~(~,}5 - -  a(r 0 ( , ,~ )  - 

As the i n d e p e n d e n t  v a r i a b l e s  of the p r o b l e m  i t  i s  c onve n i e n t  to use  the v a r i a b l e s  tl 2 and u 3, 

o ( ~ , . , )  _ : ow,~ 4= 0 
o (,, ~) \ op ]= 

t h e s e  v a r i a b l e s  r e p r e s e n t  the C a r t e s i a n  c o o r d i n a t e s  of the po in t s  of i n t e r s e c t i o n  of the s t r e a m l i n e s  wi th  the  
c h a r a c t e r i s t i c  s u r f a c e  (2.21. A f t e r  the t r a n s i t i o n  to u 2 and u 3 in Eqs .  {2.7) and (2.81, we ob t a in  a s y s t e m  of 
equa t ions  fo r  the funct ions  ~i(e ,  u 2, u3), w h e r e i n  c~ and • a r e  to be ob t a ined  f r o m  Eqs .  (2.7), and t e r m s  of  
the  f i r s t  o r d e r  only  a r e  to be r e t a i n e d .  We note a l so  tha t  to ob t a in  p e r t u r b a t i o n s  of the c o o r d i n a t e  xl to 
w i t h i n q u a n t i t i e s  of  the f i r s t  o r d e r ,  use  of an  equa t ion  of s t a t e  to wi th in  qua n t i t i e s  of the t h i r d  o r d e r  would  
be  r e q u i r e d ,  h o w e v e r ,  the p e r t u r b e d  flow in th is  a p p r o x i m a t i o n  would  r e m a i n  i r r o t a t i o n a l .  

3. In the p lane  of  the v a r i a b l e s  u 2 and u 3, we change  o v e r  to p o l a r  c o o r d i n a t e s  u 2 = r cos  0, u3 = r s i n  
0, and  we w r i t e  the equa t ion  of the c h a r a c t e r i s t i c s  (2.2) in  t h e s e  c o o r d i n a t e s :  

O~-r] -~ r-7\O0] (ah/Op)~r = M ~ 2 - - t  (3.1) 

Equa t ion  (3.11 m a y  be s a t i s f i e d  i d e n t i c a l l y ,  i f  we i n t r o d u c e  a v a r i a b l e  ~ t h rough  the r e l a t i o n s  

Oul 
0Ular - -  V ' ~ - ~ - - J 2  - -  I cos ~, ~-~ ---- V M~ 2 - -  t r sin ~l (3.2) 

F r o m  th i s  i t  fo l lows  tha t  

r s in  ~1 = / (0 + ~1) (3 ~ 

w h e r e  f (O + ~?) i s  an a r b i t r a r y  funct ion .  

If a s  i ndependen t  v a r i a b l e s ,  we s e l e c t  r and X = 0 + ~?, the so lu t i on  of Eq.  (3.1) then  has  the fo l lowing 
form: 

.,(., = v---'- i [ v.'- § (3.41 
0 
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We r e w r i t e  the equa t ions  for  ~l, ~2, ~3 in the v a r i a b l e s  ~, r ,  and X: 

r Or 2 l/-r '-r---- ? (~,) - -  21" (~,) ,0~ = Ix8 
(3.5) 

1/( 0~ O~w z e COS 

0-7 = ~ 

Here  

. ~ =  
~ ~ p ~  (OSh / 01~),. 

F o r  a po ly t rop ic  gas 

~ =  
(k + t)  M ~  2 

2k V M~-:~-~-~' 

We in t eg ra t e  the s y s t e m  of equa t ions  (3.5) and,  taking Eq. (3.4) into account ,  we wr i t e  the so lu t ion  for 
the x i in  the fol lowing fo rm:  

x s, r ) +  v M : -  + / '  
0 

(3.6) 

xs = Y (?, a, z) cos ~ § ] '  ()~) cos Z + / (~) sin 

xs sin )~ - -  x~ cos )~ = / B) 

X (% z, r) = V M= ~ --  ,1 y § 293 ~r~ § v (s z) 

0 

where  ~-(M a) is  an a r b i t r a r y  funct ion .  

In Eqs .  {3.6), we have used the fact  that  when r = 0 the p e r t u r b a t i o n s  of the c o o r d i n a t e s  ~i a re  equa l  

to ze ro .  

4. Let  us a s s u m e  that  on the s t r e a m  su r f ace  S 0, g iven  by the equa t ion  R = R(x, ~) (R, x, and ~ a re  
c y l i n d r i c a l  coord ina te s ) ,  the d i s t r i b u t i o n  of p r e s s u r e  is  known to be e = r (x, ~). The fami ly  of c h a r a c t e r i s -  
t i c s  of the s y s t e m  of Eqs .  (3.5) 

8 [Vr  2 --/2(k) - - / '  (k)]'/~ = z = const (4.1) 

inc ludes  the c h a r a c t e r i s t i c  su r f ace  of the u n p e r t u r b e d  flow (e = 0, a = 0), which c o n s i s t s  of the envelope  of 
the fami ly  of Mach cones  pa s s ing  through the cu rve  L, on which 

8o (xt, ~ l) = 0, Rt = R (x .  ~t) (4.2) 

Since on L, we have 

Rl = r, xt = ul, ffl = 0 

then,  f r o m  Eqs .  (4.2), we can  find r = R l ( O  l )  and u 1 = ul(0/),  w h e r e i n  

d=l 0., ~ 0~1 dR~ (4.3) 
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w h e r e  

From this, using Eqs. (3.2) and (3o3), we obtain f(k) in parametric form 

Idx~ i 

[~ ~- ~ # ~ , ? l  -' [ 

�9 / (oz)  (4.4) 

In the general solution (3~ instead of ~(;t, ~), it is more convenient to use the inverse function 

~r(X, ~), which, in contrast to ~(~, (r), is a single-valued function of its arguments by virtue of its propor- 

tionality to the pressure. The relationship between the parameters r and X on the curve L(r = R l [0/(~)]) is 

preserved along a streamline, therefore, on the surface S 0, the equation ~ = y (X, r(X)) is satisfied. Taking 

this fact into account, we obtain the following equation for the function (r(k, ~) 

(4.5) 

If in some domain of values of ~- the derivative d~/d~ > 0, intersection of the characteristics becomes 

a possibility, and thence, the development of a shock wave. If we denote the parameters of two intersecting 

characteristics by 71 and T 2, T I < ~-2, then, at the point of intersection ~il = }i2, and from this, we obtain 

equations relating the flow parameters on the two sides of the jump 

2.~ [~ G, ~ )  - -  ~ G, %)1 V~ = ~2 - -  ~ (4.6) 

~2 

71 

From the relations (3.6) and (4.6), we can obtain the following equation for the angle of inclination of 
the jump: 

c~g ~ ---- [M= ~ - -  i lw § ~/~t (8~ § %) 

co inc id ing  with  the e x a c t  e x p r e s s i o n  fo r  co t  w to wi th in  qua n t i t i e s  of  the f i r s t  o r d e r .  

5. When f(X) = 0 the s o l u t i o n  (3.6) g i v e n  above  r e d u c e s  to tha t  fo r  the a x i a l l y  s y m m e t r i c  c a s e .  In 
add i t i on ,  

7, = 0 ,  ~ = r, e ~ 7  = ~ (~),  x~ = X (r,  ~, ~), x~ = Y (r,  ~, ~) 

and f r o m  th is  so lu t ion ,  we can  then  ob t a in  the r e s u l t s  g iven  in  [4, 2]. When the p a r a m e t e r  ~ is  cons t an t ,  
the  g e n e r a l  s o l u t i o n  (3.6) fo r  the t h r e e - d i m e n s i o n a l  c a s e  de pe nds  on the v a r i a b l e s  y and ~ in e x a c t l y  the 
s a m e  way  (to wi th in  c o n s t a n t s )  t ha t  the a x i a l l y  s y m m e t r i c  s o l u t i o n  depends  on r and ~.  The s u r f a c e s  ~ = 
c o n s t  a r e  p l a n e s  p a r a l l e l  to the  xl a x i s ,  i n t e r s e c t i n g  the x 3 ax i s  a t  the po in t  - - f (X)/cos  X, and the ang le  of  
i n c l i n a t i o n  of  a ~ p lane  to the x2 ax i s  is  equa l  to ~. The v e l o c i t y  v e c t o r  l i e s  in the ~ p lane  fl = ~ t an  ~. 
F lows  in the ~ p l anes  a r e  i n d e p e n d e n t ,  and  the p r e s s u r e  a s y m m e t r y  in X, c r e a t e d  on the i n i t i a l  s t r e a m  s u r -  
f ace ,  i s  m a i n t a i n e d  with a n  i n c r e a s e  in  the d i s t a n c e .  This  r e s u l t  i s  a c o n s e q u e n c e  of the f ac t  tha t  the zone 
of  the p e r t u r b e d  flow i s  r e i a t i v e l y  n a r r o w ,  the p r e s s u r e  g r a d i e n t s  in d i r e c t i o n s  t angen t  to the  s u r f a c e  of  the 
f r o n t  a r e  s m a l l  and ,  in the  r e s u l t i n g  ( f i rs t )  a p p r o x i m a t i o n ,  m a y  be  d i s c o u n t e d .  In each  X p l ane ,  the s h o c k  
w a v e s  d e c a y  d i f f e r e n t l y ,  even  when the i n i t i a l  p e r t u r b a t i o n s  a r e  i d e n t i c a l ,  s i n c e  the p a r a m e t e r  ~/, which  
p l a y s  the r o l e  of a d i s t a n c e ,  depends  on ~. As the d i s t a n c e  f r o m  the ax i s  i n c r e a s e s ,  

- - 0 =  arc s i n ] ( ~ ) / r - + 0 ,  ? - -  r - + / '  (~.) ~ r  

i . e . ,  the g e o m e t r i c a l  flow p a r a m e t e r s  tend to those  for. a x i a l  s y m m e t r y .  
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We c o n s i d e r  the e f f ec t  of  the c u r v a t u r e  of  the i n i t i a l  s u r f a c e  on the 
magn i tude  of the p e r t u r b a t i o n s  in  a X p lane  be low the body .  By v i r t u e  of 
s y m m e t r y  on the i n i t i a l  s u r f a c e  

dx  t d R  1 

d0--~ = 

F r o m  th is  i t  fo l lows  tha t  

= u ,  / ( n )  = 0 

If, when 7, = v, we a s s u m e  tha t  the p r e s s u r e  d i s t r i b u t i o n  e0 (~, 7) is  known, then ,  in the p l a n e  X = ~ the 
p r e s s u r e  depends  on the d i s t a n c e  in the fo l lowing way:  

e (n, r, ,) = eo (Zt, v) [ Rz (g)]l/2 [r + (R_7_~))r _ i)~_~z (z0]df -1 ( 5 . 1 )  

w h e r e  

d/ d~ ( xz ) 

F r o m  t h i s ,  we see  tt~at fo r  the p r e s s u r e  be low the body to d e c r e a s e ,  i t  is  n e c e s s a r y  tha t  the d e r i v a -  
t ive  df/dO l be pos i t i ve  and p o s s i b l y  l a r g e .  The c o n f i g u r a t i o n  of a c u r v e  L with  such  a d e r i v a t i v e  a r i s e s ,  
fo r  e x a m p l e ,  on a s u f f i c i e n t l y  n a r r o w  s w e p t - b a c k  wing.  An i n c r e a s e  in  the s w e e p - b a c k  angle  l e a d s  to a de -  
c r e a s e  in  the p e r t u r b a t i o n s  a t  a l l  d i s t a n c e s  be low the i n i t i a l  s u r f a c e  s i n c e  a change  in the c u r v a t u r e  of  the 
z e r o  p r e s s u r e  c u r v e  l e a d s  to a change  in the funct ion ~r(X, T). F r o m  Eq.  (5.1), i t  a l s o  fo l lows  tha t  a n  in-  
c r e a s e  in the c u r v a t u r e  k = 1--Rl"/R l of the c u r v e  L in the p lane  xl = c o n s t  g ives  r i s e  to a d e c r e a s e  in the 
p r e s s u r e  in the p lane  of  s y m m e t r y .  Such an  i n c r e a s e  in the c u r v a t u r e  of  the c u r v e  L m a y  be  a t t a i n e d  by 
an i n c r e a s e  in the t r a n s v e r s e  V - a n g l e  of the wing in the f low. These  r e s u l t s  w e r e  c o n f i r m e d  e x p e r i m e n -  
t a l l y  in [7], w h e r e  a s tudy  was  made  of the e f f ec t  of wing shape  on the son ic  b o o m  be low the a i r c r a f t .  

To ob t a in  the flOW f i e lds  at  l a r g e  d i s t a n c e s  f r o m  b o d i e s  of c o m p l i c a t e d  t h r e e - d i m e n s i o n a l  f o r m  o r  
f r o m  a x i a l l y  s y m m e t r i c  b o d i e s  to which  the l i n e a r  t h e o r y  i s  not  a p p l i c a b l e ,  we can  d e t e r m i n e  the p r e s s u r e  
f ie ld  a t  d i s t a n c e s  on the o r d e r  of  s e v e r a l  body l eng ths  f r o m  the ax i s  in wind tunnel  t e s t s  and then  r e s c a l e  
t h e s e  m e a s u r e m e n t s  fo r  l a r g e  d i s t a n c e s .  We give  an e x a m p l e  of  th is  type  of c o n v e r s i o n .  A s s u m e  tha t  we 
have  an i n i t i a l  s u r f a c e  S o on which  the z e r o  e x c e s s  p r e s s u r e  c u r v e  h a s  the f o r m  of  an e l l i p s e  in  the p lane  
xl = cons t .  We a s s u m e  tha t  in the p l anes  0 l = e o n s t  the p r e s s u r e  is  a l i n e a r  funct ion  of  the d e v i a t i o n  f r o m  
the c h a r a c t e r i s t i c  ~ = 0, and tha t  the p r e s s u r e  g r a d i e n t  A < 0 does  not  depend  on 01. The p r e s s u r e  d r o p  a t  
the  bow shock  wave  h a s  a m a x i m u m  r (~) fo r  01 = 0 and 7r, and i t  d e c r e a s e s  to ~0 (~)/2 fo r  0 l = 7r/2 and 3~ /2 .  
F i g u r e  I shows the r e l a t i v e  change  in  the p r e s s u r e  r162 in the q u a d r a n t  (~r, 3~/2)  a t  v a r i o u s  d i s t a n c e s  
f r o m  the ax i s  ( e c c e n t r i c i t y  of the e l l i p s e  is  6 = 0.5, l i n e a r  m e a s u r e m e n t s  a r e  with r e f e r e n c e  to the m a j o r  
ax i s  of the e l l i p s e ) .  The d a s h e d  c u r v e s  denote  c u r v e s  of the p r e s s u r e  r  o b t a i n e d  wi thou t  t ak ing  
into accoun t  the d i f f e r e n c e  of the ~ p l anes  f r o m  the m e r i d i o n a l  p l anes  a t  the i n i t i a l  s u r f a c e  [8]. The e s s e n -  
t i a l  d i f f e r e n c e  b e t w e e n  r and  r is  m a i n t a i n e d  for  R ~ r162  The d i f f e r e n c e  b e t w e e n  the c u r v e s  when 
0 l = 3~/2  may  be e x p l a i n e d  by the fac t  tha t  the c u r v a t u r e  of the c u r v e  L is  l a r g e r  when 01 = 3~ /2  than when 
0 l = r;, and t h e r e f o r e ,  the damp ing  in the p lane  Ol = 3~/2  is  s t r o n g e r .  F i g u r e  2 p r e s e n t s  a g r a p h  of  the 
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difference (S-r for 0 = 37:/4 versus the eccentricity of the ellipse, 6. It is evident that as 5 in- 

creases, this difference increases rapidly. 
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